The intentional polarization of opinions and controlled changes of a consensus represent potentially harmful processes for any liberal society. Within the framework of a simple model for constructive opinion exchange, we analytically study the role of active leaders on the overall opinion dynamics on social networks. Similar to zealots with rigid opinions, active leaders are assumed to follow a prescribed and individual agenda. We characterize both the ability of single active leading agents to shift a prevailing consensus as well as the emerging social polarization in the case of two antagonistic opinion leaders. To this end we define measures for the coherence of opinions and their polarizability and relate those to graph based quantities derived from a modified Laplacian of the system. We apply the formalism to synthetic and empirical networks and find that while polarizability is decreased for small-worldness and favored in the case of a pronounced community structure the opposite is true for the coherence of opinions during a consensus change.
I. INTRODUCTION
Communication infrastructures represent highly networked systems. This holds true in the case of face-toface [1] interactions but also and especially for large online social media platforms, which dominate the information exchange among millions of people on a daily basis. Although embedded in a connected topology, the potential impact of individual agents differs widely across the system. Naturally, this leads to the notion of influential agents, which play a crucial role due to their particular position in the network.
In this work we focus on the role of active leaders with respect to opinion formation processes in social systems. We aim to identify nodes in the social network which are particularly suitable to be occupied by opinion leaders to maximize their influence on the system. Such influential agents have mostly been identified and studied in the context of rumor and epidemic spreading [2] [3] [4] . Less attention has been paid to the role of active leader placement in the context of opinion formation on social networks. Here we investigate potentially alarming developments of opinion interference such as the controlled change of an existing consensus or the intentional polarization of opinions. Real-world correspondences to our theoretical considerations might include phenomena such as the targeted disruption of a scientifically established consensus, e.g. on climate change [5] or antagonistically reporting news agencies responsible for a measurably increased opinion polarization around certain political issues [6] . To identify the most relevant agents in the system, we utilize an adaption of the simplest model for constructive opinion dynamics [7, 8] . Here, the ensemble of agents is partitioned into passive followers and active leaders which interact on a fixed network topology. We assume that while followers exclusively average their neighbors opinions, active leaders are subject to an additional signal. In the light of opinion exchange such signals can be interpreted twofold. Individual preferences or biases might render agents stubbornly focused on a certain viewpoint [9, 10] , conceptionally similar to zealots in social networks [11] . Or, in contrast to any internal preferences, the leader-follower setup yields an exemplary social setting in which a fixed subset of agents gets influenced from outside the system. Either way, leaders introduce heterogeneity to the dynamics and trigger the emergence of rich dynamical behaviors and relevant stationary opinion states.
We tackle both the linear dynamics of opinion exchange and the underlying network topology in a unified framework. We study at which position in the network active leaders need to be placed to drive the system away from consensus in two different relevant ways: First, we analytically characterize the ability of single active agents to change the overall population consensus to a new desired value. By defining a measure for network coherence we identify agents who are able to alter the global opinion while being closely followed by the remaining agents during the transition from one consensus to another. Furthermore, we study opinion polarization as a relevant stationary state. It occurs upon the introduction of two antagonistic active opinion leaders, modeling single activists or news agencies [12] following prescribed opposed agendas. We find that the strength of the developing polarization crucially depends on positions of active agents in the network. As in the case of single leaders we define useful graph based measures to classify social networks with respect to polarizability. Applying our formalism to different synthetic and empirical networks we find that community structure and small-worldness strongly affects the coherence as well as the polarizability of opinions in interacting social networks.
The paper is organized as follows. In Sec. II the model for leader-follower dynamics is defined. Section. III discusses properties of a modified Laplacian of the system from which a new distance measure is deduced, similarily defined as the resistance distance of an electrical net-arXiv:1910.01897v1 [physics.soc-ph] 4 Oct 2019 work. Section IV investigates single leader dynamics with respect to network coherence. In Sec. V we discuss properties of the system in the case of two antagonistic active leaders. While we present efficient methods to evaluate the arising opinion polarization in the system our formalism is able to directly associate followers to one of the two opposed active leaders. Sec. VI illustrates our theory numerically on synthetic and empirical networks. The work is concluded in Sec. VII.
II. LEADER-FOLLOWER DYNAMICS
We consider a system of interacting agents, which has previously been studied in [13] . Each agent i is characterized by a continuous opinion variable x i ∈ R and can be assigned to one of the two subgroups of leaders (V l ) or followers (V f ). The dynamics of opinion exchange are governed by the following set of differential equations,
where b ij denotes the coupling strength between agents i and j. We assume a symmetric connectivity structure and solely constructive dynamics, i.e. b ij = b ji and b ij ≥ 0 . Due to the averaging mechanism of Eqs. (1), follower agents i simply aim to minimize the difference between their own opinions x i and those of their neighbours j specified by the adjacency matrix b ij . By contrast, active leaders are subject to an additional constraint encoded by the last term in Eq. (1a): with rate κ they aim to converge to a well-defined constraint opinion value P i . In our model constraint opinions can be individually chosen for each active leader which generalizes previous work where only a single leading opinion P was assumed [13] . Fig. 1 shows example dynamics of our model system with a single (left panel) and two opposing active leaders (right panel). One observes that, after a transient, in the single leader case all opinions converge to the constraint opinion, P a , of the active single leader. Instead, for two active leaders, the final opinions are distributed over an interval of finite width. In the next sections, we analytically describe both the transient behavior of the agents and the final state of opinions in terms of simple network based quantities. Defining the vector x = (x 1 , ..., x n ), with n = n l + n f being the total number of nodes, Eqs. (1) can be rewritten in a vectorial form as,
where K is a diagonal matrix with vanishing components for follower agents and a global κ value for leading agents. Similarly, P κ has vanishing components for followers and P κ i = κP i for active leaders and L denotes the Laplacian In the case of one leader (a) the opinions of follower agents will eventually approach its constraint opinion Pa = 5, κ = 1. For two opposing leaders (b) with Pa = 10 = −P b , κ = 1 the population of agents polarizes over an interval of finite width. All agents are initialized at a perfect consensus at t0. The underlying connectivity structure bij of the depicted dynamics was exemplarily modeled as a Watts-Strogatz (WS) graph (k = 4, pr = 0.1) hosting N = 100 agents.
of the coupling graph, defined as
As we consider undirected connectivity graphs both L and L κ are symmetric matrices. In the following we denote eigenvectors and eigenvalues of L κ , as u κ α and λ κ α , respectively and discuss important properties of this modified Laplacian matrix which will be used to derive our theoretical results.
III. LEADER DYNAMICS AND MODIFIED RESISTANCE DISTANCES
Exploiting the linearity of Eqs. (1) we can fully express the transient dynamics as well as the final state of the system in terms of u κ α and λ κ α . Based on the modified Laplacian L κ , we define a new distance metric Ω (κ,1) ij which is similar to resistance distance as introduced in [14] . This metric, which takes into account both Eqs. (1) and the interaction topology B, will be related to important dynamical characteristics of the system. Thus, we first explore important properties of L κ and present definitions of node and network descriptors.
A. Properties of L κ
Depending on the number of active leaders the matrix L κ and its associated eigenvectors have important properties. Elementwise, the modified Laplacian L κ reads,
where L satisfies j L kj = 0 ∀k. The matrix elements of the inverse of L κ along rows and columns corresponding to leader nodes satisfy accordingly,
which holds true for n l ≥ 1 (see proof in Appendix A). Note, that [L κ ] −1 ij denotes the ij-th element of the inverse of L κ . Particularly, in the considered case of two active leaders (V l = {a, b}) Eq. (5) leads to the following relation between the diagonal elements corresponding to leader nodes,
In the case of n l > 2, Eq. (6) can easily be generalized.
For an arbitrary number of active leaders, the eigenvec-
which combined with Eq. (5), gives
The above properties will be used to derive expression for the final state of opinions.
B. Modified Resistance Distances (MRDs)
The resistance distance is a graph theoretic metric originally defined by the Laplacian of an interaction network as, [14] 
where L † is the pseudoinverse of L. As L κ is nonsingular, a distance metric similar to Ω ij can thus simply be defined using the inverse of L κ , i.e.
where Ω (κ,1) ij (V l ) depends on the set of leaders V l as well as the parameter κ. The modified resistance distance (MRD) and its higher order generalizations can be expressed using eigenvectors and eigenvalues of L κ as, [14, 15] 
The superscript p denotes the generalization of Eq. (10) to the p th power of [L κ ] −1 [16] [17] [18] . Using the modified resistance distance, we introduce its corresponding closeness centrality,
quantifying the average MRD of node i to every other node in the network [17] [18] [19] . More precisely, if C p (i, V l ) is large (small), then node i is central (peripheral) according the distance defined in Eq. (11) . Note, that if Eq. (13) is re-expressed using Eq. (11), properties of the eigenvectors u κ α which depend on n l have to be taken into account.
IV. OPINION COHERENCE FOR SINGLE ACTIVE LEADERS
In this section we analytically quantify the coherence of the system during the consensus change induced by a single active leading agent. We assume that one specified leader i = a, aims to change the global consensus to a new value P a . Depending on the leader's position in the network the remaining agents will closely follow its opinion trajectory or exhibit a more spread out behavior during the transition, as depicted in Fig. 1a . A related problem was previously studied for a noisy system of followers and leaders in [8] . In order to rank the agents according to the resulting network coherence we define the measure
which assesses the system's behavior for the crossover between two consensuses starting from x i (t) = 0, ∀i up until x a (t) = P a = x i (t), ∀i. Note, that a large value of C corresponds to a low network coherence. In the case of a single leader the opinion of the i-th agent reads,
Taking t → ∞ and using Eq. (5) yields,
which ensures a complete consensus in the long term limit for the single leader case. Integrating Eq. (15), C can be expressed as,
Hence, in order to drive all agents to the desired value while maintaining a high network coherence the single active leader should be selected such that s/he exhibits a high centrality C 2 , as defined in Eq. (13) . The second term in Eq. (17) indicates that, in order to minimize the spreading of opinions, the leader node should be selected such that u α,a is maximized/minimized on eigenvectors corresponding to large/small λ κ α . Finally the last term in Eq. (17) corresponds to the sum of the square of the timescales of the system, namely the eigenvalues of L κ . To asses the overall coherence of a network, we defineC where Eq. (17) is averaged over all possible leader nodes,
This averaged coherence measure quantifies the overall drivability of a network of agents. Equation (18) is numerically investigated on different interaction networks in Sec. VI.
V. TWO OPPOSING LEADERS
In the context of political discussions on social networks, opinion polarization has been quantified empirically [20] . We define an opinion state as polarized, as soon as it deviates from situations of perfect consensus, i.e. x i = c, ∀i . In our model such heterogeneous opinion distributions can only be stable over time if multiple active leaders with different constraint opinions P i = P j are introduced [see Eq. (16)]. Hence, in the following, we consider the prototypical case leading to polarization of two opposed active leaders (i = a, b) and assume all other agents to be followers. In order to single out implications of differently strong constraint opinions and focus solely on the effects of the social network and the positionings of active leaders therein, we assume leaders to to be balanced, i.e. P a = P = −P b , cf. Fig. 1b . Starting from an initial consensus, i.e. x i (t 0 ) = 0, the time evolution of the system is formally solved by,
which yields the starting point of the following considerations. We will analytically quantify the polarizability of arbitrary social networks and efficiently solve the leader association problem of stationary opinion states. With regard to empirical networks, the developed methods can be applied in order to answer urgent questions of democratic opinion formation and the influence of highly active or stubborn individuals on the opinion formation processes.
A. Leader association
Given a fixed pair of opposed leaders the question arises which followers will be associated to which active leader. We show that this problem can be reduced to the evaluation of the corresponding MRDs, which represents a very efficient tool especially for large social networks. While the population is initialized at x i (t 0 ) = 0, ∀i, the introduction of two opposed active leading agents with P a > 0 > P b generally shifts the opinion of each follower either to the positive or negative side, defining its resulting opinion leader association as sgn(x i ) ± 1. According to Eq. (19) the final opinion of an arbitrary follower i can be expressed using Eq. (6) as
Interestingly, Eq. (20) suggests that an agent i will be associated to the closest of the two leaders with respect to the Ω (κ,1) ij . Fig. 2 illustrates the leader association exemplarily for four different types of synthetically generated networks. Fig. 2a shows the final association for a Watts-Strogatz (WS) graph [21] obtained for a low edge rewiring probability. Even though the MRDs between leader i = b (red cross) and the right half part of the cycle have been reduced by the rewiring procedure, its distance to the left half part of the cycle has merely been changed. Consequently, the final state of opinions splits into two associative parts of roughly equal size. Generally, the average MRD for node i, Ω (κ,1) ij j , is largely reduced for high degree nodes, which corresponds to a high centrality as defined in Eq. (13) . Therefore, agents associated with hubs will generally attract more followers in contrast to agents sitting on low degree nodes at the periphery of the network. Such a case is depicted in Fig. 2b for a scale free Barabási-Albert network. In Fig. 2c we consider the case of a network generated by the stochastic block model (SBM) [22] where each of the two leaders is placed within one of two separate communities. The high internal connectedness within each community heavily reduces the MRDs with respect to in-versus out-community node pairings. This leads most probably to a situation in which all nodes of a community are associated to the leader which is situated within that community. For a regular network as in Fig. 2d , a leader position within the lattice away from the boundaries, favors small MRDs to most other agents in the system and therefore attracts the larger number of followers.
B. Opinion polarization
Beyond follower-leader associations it is relevant to relate the placement of two antagonistic active leaders to the resulting opinion formation process. Hence, we study the polarization of opinions by different accessible quantities that can be derived from the modified laplacian of the system to characterize the stationary opinion states. We will focus on the resulting opinion distance between the most extreme opinions, the final mean opinion as well as the opinion variance. By that we characterize not only the heterogeneity of opinions but also quantify how strongly the system of agents tends to favor on average one of the two opposed views upon the introduction of two antagonistic active leaders.
In the polarizing scenario, the two leading agents always take on the most extreme opinions in the system. The final opinion distance between the two leading agents
Using D L we quantify how strongly those opinions diverge. Moreover we derive expressions for the mean µ x = 1 n i x i and the variance σ 2
respectively, where Ω (κ,2) ab and C 1 were defined in Sec. III B. Note, that the first term in Eq. (23) can be also expressed by first order modified resistance distances between leaders a and b using Ω 
For large empirical networks Eqs. (24) become computationally exhaustive to evaluate. Our presented graphbased approach, however, still outperforms the explicit solution of the original system of Eqs. (1) in time as a means to quantify the different aspects of opinion polarization.
VI. NUMERICAL RESULTS
We investigate numerically the global network coherence measureC and the different quantifiers for opinion polarization,D L ,μ xσ 2 x , as introduced in Sec. IV and Sec. V B, respectively. Using WS and SBM networks, we asses how those quantities relate to relevant network features, such as small-worldness or the peculiarity of community structure. Those network properties have been shown to play important roles in various dynamical processes on networks such as epidemic and rumor spreading [24] or oscillator synchronization [25] . Therefore we expect them also to influence aspects of opinion dynamical processes such as polarization and network coherence. As an interesting application, we additionally discuss the x and network coherenceC for different network topologies. We compute those quantities exemplarily for a Watts-Strogatz graphs (a), stochastic block model networks (b) and randomly rewired instances of an empirical network of face-to-face interactions of a US high-school (c). All considered networks consist of N = 70 nodes and the dynamical parameters of the system were chosen to be P = Pa = −P b = 10 and κ = 0.1 . For the Watts-Strogatz graph (a) an increased rewiring probability pr decreases theDL andC. By contrast the values forμx first steeply increases and stays almost constant over for larger values of pr. As pintra is increased in the case of the stochastic block model networks (b) are a stronger community structure leads to a higher values of the finalDL andC. By contrastμx shows a maximum at around pintra = 0.5. Panel (c) illustrates the empirical data set of a friendship network for increasing randomizations of the original topology. We find ever decreasing values ofDL andC,μx, however, first steeply increases up until a local maximum located around an average number of roughly 40 re-wirings.
derived quantities on an empirical friendship network of highschool students.
In the case of WS networks, we depict the network quantities as functions of the rewiring probability p r while fixing the remaining network parameters. For SBM topologies, we steadily increase the connection probability within the communities p intra such that p intra = 1 − p inter . The features of the empirical network are studued while its original topology is randomly rewired. For a detailed description of the synthetic networks, the empirical dataset and the re-wiring procedure we refer to Appendix A. For all simulations the dynamical parameters of the model were set to P = P a = −P b = 10 and κ = 0.1. The coupling elements are taken to be b ij = 1 if agents i and j are interacting and b ij = 0 otherwise.
The lower panel (black line) in Fig. 3a shows the network coherence quantifierC defined in Sec. IV for WS networks as a function of p r . The coherence measure steadily decreases with the rewiring probability, with a strong decay in the small-world region around p r = 0.1. While rewiring, the MRDs in the networks are reduced such that all nodes become more central [cf. Eq. (13)] and thus yielding a smaller coherence measure. For the SBM network, in Fig. 3b ,C increases with p intra . For high val-ues of p intra , two highly connected distinct communities emerge with few links connecting them. Hence, MRDs are increased between the communities while they are reduced within the communities. The control of the whole population becomes less efficient when only few links connect the two communities, as the leader naturally resides in one of them. Finally we consider an empirical network of face-to-face interactions of high school students depicted in Fig. 3c . The performed randomization procedure blurs the network's socially grown structure, which is predominantly characterized by a community structure representing three different school classes. One observes that upon randomization,C is reduced. As shown with WS and SBM, networks with high average distance and distinct communities seem to be harder to drive to the desired opinion with high coherence, i.e. low values of C.
Similar conclusions seem to hold true for opinion polarization in the two leader case. In the three panels of Fig. 3 ,D L andσ 2
x behave similarly as the network coherence discussed previously. As a matter of fact, strong community structures and absence of small-worldness, namely high clustering coefficient and average geodesic distance, tend to promote polarization phenomena. However, when considering the absolute mean opinions, one observes with SBM ( Fig. 3b ) and the empirical data set ( Fig. 3c ) that strong community structures seems to keep a balance in the opinions asμ x is the smallest for high values of p intra for SBM and low number of rewiring for the empirical network. Moreover, for SBM, when p intra becomes smaller than 0.5, the interaction network tends to become a bipartite graph. Therefore, each node in one of the community is close to the other community, reducing MRDs in the whole networks and yielding smallμ x as well as coherence and polarization quantifiers. A similar behavior is observed for WS networks in Fig. 3a . For p r = 0, the network is regular and therefore, all nodes are equivalent explaining thatμ x is vanishing. When a few edges are rewired from the initial regular cycle, symmetries are broken and some communities with reduced MRDs are built exhibiting a largeμ x . Edges rewired afterwards alterate the community structure, and eventually lead to an overall random network with one large community. In summary, adding long range or inter community coupling seems to prevent polarization among the population while gathering opinions further away from initial consensus, x = 0.
VII. CONCLUSIONS
In this work we considered a simple model for constructive opinion dynamics to study the role of active opinion leaders on the opinion formation in social networks. The dynamical system was reformulated in terms of a modified Laplacian, which incorporates the follower and leader dynamics as well as the underlying interaction topology. Within that framework the impact of a single leader on the coherence of the opinions as well their opinion polarization is studied in terms of quantities derived from a modified form of the resistance distance. In the case of opinion polarization in a networked social system we focus on the final leader distance, the opinion variance as well as the mean absolute opinion of the stationary opinion distribution. We present exact expressions to asses those characteristics of the expected opinion landscape. Simultaneously, our framework solves the leader association problem in a system of two opposing active leaders. The numerical evaluation of the derived analytical expressions for the global network measures of coherence and polarization is computationally quite extensive. This is due to the fact that it requires to compute the inverse of the modified Laplacian L κ for each possible set of leader nodes, which becomes especially exhaustive for |V l | > 1. However, we found numerically that for large networks, small values of κ and a low number of active leading agents (|V l | N ), the resulting modified resistance distances as defined Ω (κ,p) ij do not deviate significantly from the values of Ω ij as defined in Eq. (9) . In such cases the explicit evaluation of L κ for each possible set of leaders becomes redundant and yields a dramatically accelerated evaluation of the derived analytical expressions. Our work opens up the possibility to quantify the polarizabilty of large social systems if the network topology is known. Most of the presented work can easily be generalized to the case of directed networks, i.e. asymmetric coupling schemes within the respective social systems. This could correspond to scenarios in which leading agents are not subject to opinion averaging and would therefore not be influenced by the followers withing the ensemble. Research along these lines is currently in progress.
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We denote u α , λ α respectively the eigenvectors and eigenvalues of the Laplacian L. Eigenvalues satisfies λ 1 = 0 < λ 2 < ... < λ n . The matrix containing leaders dynamics is given by K ij = a∈V l κδ ij δ ia . At first order in perturbation, we have,
where the second equation shows that L κ has no vanishing eigenvalue. The eigenvalues of the perturbed Laplacian that are the most influenced by adding K are those with the largest components u α,a , a ∈ V l .
Proof Eq. (5)
Multiplying matrix L κ by its inverse reads elementwise,
from which, summing over i, we have that,
Both matrices L κ and its inverse can be written using eigenvectors and eigenvalues as,
And thus Eq. (5) implies,
3. Proof of Eq. (6) In the case of two leaders {a, b}, we have for the element (a, b) of the product of L κ by its inverse,
Exploiting the symmetry of matrices L κ−1 and L together with Eq. (A5) we get,
With Eq. (A6) we have the relation between eigenvectors and eigenvalues, 
Network models and empirical data
Watts-Strogatz (WS) model. Introduced in [21] the model constructs networks in the following way: In the first step a ring of n vertices, where each node is connected to its k nearest neighbors is constructed. In a second step, each edge is re-wired with probability p r . Typically, for increasing values of p r the networks go from a regular graphs via small-world networks to completely random topologies.
Stochastic block model (SBM): The basic concept of the SBM was originally introduced in the social sciences [22] . The principle is that nodes of a network are organized into building blocks which are then connected depending on their association to a certain group. In the simple case considered in this work we assume two similar communities Com 1 and Com 2 and introduce p intra stating the probability for an arbitray connection within the community. To be able to change the community structure of the network but fix the average number of links in the network the connection probability between two arbitrary nodes in two different communities is defined as p inter = 1 − p intra .
Empirical friendship network. The data-set contains information about friendships within in a US highschool [26] . To construct the network each student was asked twice about his friends. The original network is directed and weighted to account for multiple namings of a single student by a friend. For our purposes we symmetrize the interaction topology and dismiss weights such that the post-processed adjacency matrix contains a one between node i and node j if one of the two students named the other as a friend. To randomize the original network topology we perform an increasing number of double edge swaps, which fix the degrees of the nodes but randomize it connectivity structure.
